This paper considers a general repairable product sold under a failure-free renewing warranty agreement. In the case of a general repairable model, there can be two types of failure: type I failure (a minor failure), which can be rectified by minimal repairs; and type II failure (a catastrophic failure), which can be removed only by replacement. After a minimal repair, the product is operational but the failure rate of the product remains unchanged. The aim of this paper is to determine the optimal warranty period and the optimal out-of-warranty replacement age, from the perspective of the seller (manufacturer) and the buyer (consumer), respectively, while minimizing the corresponding cost functions. Finally, a numerical example is presented.
Introduction
Warranties for durable consumer products are common in the marketplace. The primary role of a warranty is to offer a post sale remedy for consumers when a product fails to fulfill its intended performance during the warranty period. Bischke and Murthy 9 defined a warranty as a contractual obligation incurred by a manufacturer, in connection with the sale of a product, under which the manufac-turer is required to ensure proper functioning of the product, during the warranty period.
Failure-free and pro rata rebates are two common types of warranty policies. A failure-free policy obligates the manufacturer to maintain the product free of charge, during the warranty period, while a pro rata rebate policy obligates the manufacturer to refund a fraction of the purchase price if the product fails within the warranty period. Failure-free policies can be further divided into two categories: renewing and non-renewing.
• Renewing policy: if a product fails within the warranty time, the product is replaced and a new warranty issued. In effect, the warranty begins anew with each replacement.
• Non-renewing policy: replacements of a failed product do not alter the original warranty.
Manufacturers offer many types of warranties to promote their products. Thus, warranties have become an important promotional tool for manufacturers. Warranties also generally limit the manufacturer's liability for out-of-warranty product failure. The discussion of various issues related to warranty policies can be found in Murthy 3 , Blischke and Murthy 5 , Murthy and Blischke 6 7 and Mitra and Patankar 8 . Although warranties are used by manufacturers as a competitive strategy to boost their market share, profitability and image, they are by no means cheap. Warranties cost manufacturers a substantial amount of money. From a manufacturer's perspective, the cost of a warranty program must be estimated precisely and its effect on the firm's profitability must be studied. Ja et al. 10 estimated the warranty costs during the life cycle of a product in order to create a fund for warranty reserves. They considered a failure-free non-renewing warranty policy for products with age-dependent minimal repair costs, derived the s-expected warranty costs and warranty reserves, and demonstrated the feasibility of using cost information to determine warranty length. Yeh and Lo 11 investigated preventative maintenance warranty policies for repairable products. When the length of a warranty period was pre-specified, the optimal number of preventive maintenance actions, corresponding maintenance degrees, and the maintenance schedule were jointly determined.
In this paper a general repairable product, sold under warranty, is considered. We have adopted a failure-free renewing warranty policy and an out-of-warranty preventative replacement policy. In this general repairable model, when the product fails at its age of use t, type I failure occurs with a probability of q(t) = 1 − p(t) and type II failure occurs with a probability of p(t), 0 ≤ p(t) ≤ 1. Type I failure is assumed to be minor, and can thus be corrected by minimal repair, while type II failure is catastrophic, and can only be restored by replacement. Minimal repair means that the repaired product is returned in the same condition as it was, i.e., the failure rate of the repaired product remains the same as it was just prior to failure. We have assumed that all failures are instantly detected and repaired.
From a seller's (manufacturer's) and buyer's (consumer's) perspective, our goal is to determine, respectively, the optimal warranty period and the optimal out-ofwarranty replacement age, which will minimize the corresponding cost functions.
Optimal warranty period from the seller's perspective
In this section, the problem of determining the optimal warranty period, which minimizes the cost function, is considered from the seller's (manufacturer's) perspective. A failure-free renewing warranty policy was adopted for this investigation, in which minimal repairs or replacement takes place according to the following scheme: if the product-failure within the warranty is minor (type I failure), then the manufacturer conducts minimal repairs; if the product-failure within the warranty is catastrophic (type II failure), then the product is replaced and a new warranty is issued. Both minimal repairs and replacement are free of charge to the consumer, but incur costs of c 1 and c 2 , respectively, to the manufacturer. The cost function consists of the maintenance expense due to product-failure within the warranty period, and the amount gained due to offering the length of the warranty period so forth.
Let the random variable Y denote the waiting time to the first type II failure of a new product; the survival function of Y is then given by
Let h(W ) be the total maintenance cost (including minimal repair and replacement) per unit sold for products with warranty period W . The parameter η − 1 is defined as the number of replacements until the first product's surviving warranty, without type II failure, is obtained. Then the random variable η clearly has a geometric distribution given by
Furthermore, let {Y i , i ≥ 1} be an i.i.d. sequence of random variables distributed according to G, in which case the random cost h(W ) is clearly given by
where by convention
Since η is also a stopping time with respect to the σ-field {σ(Y 1 , Y 2 , . . . , Y n ), n ≥ 1} ; then, by Wald's identity, the mean cost Eh(W ) is given by
The cost structure which we consider here contains two parts. The first part is still the mean cost Eh(W ). The second part, which is the gain part, is proportional to the length of the renewing warranty period. As mentioned in section 1, warranty can be regarded as an important competitive strategy, used by manufacturers, to boost their market share, profitability and image. Therefore, if we denote the gain as proportionality constant by K > 0, then the gain due to the warranty is given by K · W . Thus the cost function considered is this section has the following form:
Differentiating (4) with respect to W yields
where
It is easy to check that ϕ (W ) > 0 if p(t) and r(t) are increasing, and lim W →∞ ϕ(W ) = ∞. Therefore, the following result is obtained. 
3. Optimal out-of-warranty replacement age from the buyer's perspective
The cost structure considered in this section is described as follows. The consumer has purchased products sold under a failure-free renewing warranty. Within the warranty period W , the manufacturer must maintain the products, free of failure. Although the maintenance is free, the consumers will experience inconvenience or loss incurred by the product failure. That is, any failure of a product within the warranty period not only results in the seller's cost to provide the maintenance but also in a cost to the consumer (e.g., handling cost, shortage cost, system down cost, waiting cost, etc.). Therefore, we have assumed that c s1 and c s2 are the costs incurred by the consumer resulting from type I and type II failures, respectively. We have assumed that c s1 < c s2 . The aim of this section is to determine the optimal out-of-warranty replacement age, which minimizes the expected total cost per unit time over the life cycle, for each product purchased by consumer.
Using similar arguments to those in section 2, the expected total cost incurred by the consumer during the warranty period can be expressed as follows.
And, for each product purchased, the expected total time for the renewing warranty to last is
Out of warranty, all the repair and replacement costs due to product-failure is incurred by the consumer. A preventative out-of-warranty replacement policy is now considered, in which minimal repairs or replacement takes place according to the following scheme. Out of warranty, a product will be completely replaced whenever it reaches the use time T (i.e., the product with age of use W + T ) at a cost c r1 (planned replacement). If the product fails at time of use y ∈ (0, T ), then it will either be replaced, with a probability of p(W + y) (type II failure) at a cost c r2 (unplanned replacement), or it will undergo minimal repairs, with a probability of q(W + y) = 1 − p(W + y) (type I failure) at a cost c m . We have assumed that c r1 < c r2 . After a complete out-of-warranty replacement (i.e., planned or unplanned), the procedure is repeated (i.e., the consumer will be assumed to have purchased a new and identical product after a complete replacement). Sheu 4 considered such a preventative replacement model. Therefore, per unit purchased, the total cost incurred out-of-warranty, by the consumer, can be expressed as follows.
Then ,the expected total cost incurred by the consumer out-of-warranty is
Moreover, the expected total operating time for a product out-of-warranty is
Hence, by Eqs. (7) and (10), the expected total cost incurred by the consumer, from the time a product was purchased to the out-of-warranty replacement, can be expressed as
and by Eqs. (8) and (11), the corresponding expected total operating time per unit purchased is
Therefore, by Eqs. (12) and (13), the expected total cost per unit time over the life cycle for each product purchased is given by
In this case, differentiating C 2 (T ; W ) with respect to T , we see that ∂C 2 (T ; W )/∂T = 0 if and only if Proof. If the conditions of the theorem are satisfied, then the right-hand side of Eq. (15) is a continuous increasing function of T which is negative (by Eq. (16)) at T = 0 and tends to +∞ as T → +∞. Hence there is at least one value 0 < T * < ∞ which satisfies Eq.(15). Since C 2 (T ; W ) has the same sign change pattern (−, 0, +), it follows that C 2 (T ; W ) has a minimum at T * . Under the strict increasing assumption, the right-hand side of Eq. (15) is strictly increasing, therefore T * is unique.
can be considered as the s-expected marginal cost function of the age-replacement out-ofwarranty policy, and note that
which represents the marginal cost of the product at its initial out-of-warranty use. And the term
is the cost per unit time for the product within the warranty. Therefore, Theorem3.1 indicates that Eq. (16) is the necessary condition to continue using the product outof-warranty (i.e., T * > 0).
A numerical example
In this numerical analysis we consider the product with a Weibull distribution, one commonly used in reliability studies. The p.d.f. of the Weibull distribution with shape parameter β and scale parameter θ is given by
with the parameters of the distribution being chosen as β = 3.3, θ = 10122 so that the expected life, µ, and the standard deviation, σ, are 9080 hours and 3027 hours respectively, as in the case in Barlow and Proschan 1 . The following data are used for the other parameters: c 1 = 100, c 2 = 1000, c r1 = 5000, c r2 = 10000, c s2 = 5, c s2 = 20 and c m = 1000. The type II failure probability function is considered as p(y) = 1 − 0.8 * e −0.1y . Using these data we first solve the optimal warranty period W * which was considered in section 2, then based on W * we solve the optimal replacement out-of-warranty age T * which was considered in section 3. The results obtained for different levels of the gain proportional constant K are summarized in Table 1 .
From the numerical results, we can derive the following remarks: (i) From the seller's (manufacturer's) perspective, the optimal warranty period W * intuitively increases as the gain proportionality constant K increases. (ii) From the buyer's (consumer's) perspective, the optimal replacement out-ofwarranty age T * decreases to 0 as the warranty period W * provided by the seller increases. This is to be expected since the longer the warranty period, the larger the out-of-warranty product failure rate; at this point, it would not be worth continuing to use the out-of-warranty product.
